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Local Change of a Function
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Source: Zhang et al. (2023), Derivatives and Differentiation.
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J(O) = (0 - 2)

Adapted from MIT 6.390 (2026), Matrix Calculus.
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£ HE A= Mo 7|27 (slope)= F & AtO[Q] WtHztE0|Tt. HM2 0 =

Source: Zhang et al. (2023), Derivatives and Differentiation.
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JA+ h) — J(4)

h J4 + h) . RS
~1 J3) =1 (1—4)/(-1) 3
—0.5 J(3.5) = 2.25 (2.25 — 4)/(—0.5) 35
~0.1 J(3.9) = 3.61 (3.61 — 4)/(—0.1) 3.9
0.1 J4.1) = 4.41 (4.41 — 4)/0.1 4.1

h7t LZ0l|M ool 7B T HaHetE:2 400 ZHikeIEICH

Source: Zhang et al. (2023), Derivatives and Differentiation.
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J(O + h) — J(0)

/ .
TO=
7= =
h OH7HE =0l Efoh= &2 3t
J(O+ h) — J(©0) stazpo| st
J(0) oollMS] =4 Hetg. & S Sl= HM0l h — 00M
I1MRlE Mol 7|27

Source: Zhang et al. (2023), Derivatives and Differentiation.
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22 hollM J(6 + h) — J(6) ~ J

(0)h(1Xt 2AHZ S7I9t ZA S mHTisict

J(0) <0
== a2 S S
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1XE ZALOIA] Sk} Q1S

J() >0
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Source: Zhang et al. (2023), Derivatives and Differentiation.
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Source: Zhang et al. (2023), Derivatives and Differentiation.
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JO)=(0—2)*=06%—40 + 4
J(O)=20—-4=2(0-2)
J(4)=24-2)=4
J(1)=2(1-2)=-2

0 =401M= 65 =3 E0|12, 0 = 10IM= =3 S2|H 2to] ZAeHt

Adapted from MIT 6.390 (2026), Matrix Calculus.
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Checkpoint
Local Change of a Function
- J(0), J(2), J(4)Q] 242 22} Lojelst
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J(2) = 0=2 1At AN RS SEBH=7t

BX3600087-140 / DS3600087-140 / AB3600087-140 - 7|4

e

Derivatives and Probability




Section2 . Derivatives and Probability

Multivariable Gradients
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J= HIE|(vector) & 2o} 4 sLIE F23ICt

Ojfitas ey a4 &2
6 =[01,0]" J(61,02) = Lt
— >

Oi7HEH =7t o2 JHO|H 2t ZtE dekol HelE S Wz AH[Moict

Adapted from MIT 6.390 (2026), Matrix Calculus.

BX3600087-140 / DS3600087-140 / AB3600087-140 - 7Z|AEHEHE

13/47



s e HHE 2l S 2
0, Wk (01 + h,02) 02
0, BISk (01,02 + h) 01
0|2 (partial derivative)2 CI2 ZtHE D&SIT 3 FEDH HIE ©ff g4:7t0] HsH= H|S0|Ct

Source: Zhang et al. (2023), Partial Derivatives and Gradients.
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Source: Zhang et al. (2023), Partial Derivatives and Gradients.
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Z} Oh7HH =0l CHE MO|2S 0i7HHS2t 22 &M 2 42 HEJ} J2HC| A E (gradient)

00,
oJ
00

Source: MIT 6.390 (2026), Matrix Calculus.
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26 £ o2 2zt ook

0 +J dJjdo = J(O) 2ot

HIE] 6 =J VeoJ 0%t ZLt

"o *J Vel o2} 2Tt
4 31LIS B2ots o] JefCiolE S ofpfsiset 22 Boolct

Source: MIT 6.390 (2026), Matrix Calculus.
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4 ofxtes

0 = (4,1)0lM J2{CIHEE AHAgtCt

J4,1)=(4-2*+12=5
eaun- 457 |

Adapted from MIT 6.390 (2026), Matrix Calculus.
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YAELE ORCIAES 2telsict

of¥

FUAHE (central difference) 2 3 SHEO| U2 $43t AHS 22 LIF0] M2 2Afstct

J(0 + Eej) — J(B — EEj)

di= 5 . e = JHm G201l HE
Hi2 ZHE Az e HE et d;
61 J(4.1,1) = 541 J(3.9,1) = 4.61
02 J(4,1.1) = 5.21 J(4,0.9) = 4.81 2

J7t OlxFeteat e = 0.10IME (di, da) = (4, 2)2 X7t QiCt
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0, —2

QR J=1,4,52 SAMO|H B4 6 = (2,0)0M E5 I 3t

Adapted from Zhang et al. (2023), Geometry of Gradients and Gradient Descent.
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JZHC|ESt M

0 = (4,1)0llA JHCIE Wbz SnM 9|0 EASH}

JHC|HEE SMol FHuat

Adapted from Zhang et al. (2023), Geometry of Gradients and Gradient Descent.
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a2 wsto| 2ut

A67tES M LIM SR $hke| H3)

ARt

AJ~=VJ4,1)T A
VJ(4,1) = [4,2]"
AO =[-0.2,-0.1]"

AJ = 4(—0.2) +2(—0.1) = —1.0

MA| J(3.8,0.9) — J(4,1) = 4.05 - 5= —0.95

JCIAES; Bt YEFOZ =3 0|SsHH 1XH ZALOIA f2t0| ZABHTt

Source: MIT 6.390 (2026), Matrix Calculus.
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Checkpoint
Multivariable Gradients
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Derivatives and Probability

Uncertainty in Observations
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#H A= §AHO| 61, 2% B= 5 Lot &= M2t Ji7t 25 TH=Ct
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Adapted from Zhang et al. (2023), A Simple Example: Tossing Coins.
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BEIZH AMA

EEZ7H(sample space)2 7Hs 8t 21} HH|0| 1, Atz (event)2 1 REZFIsto|Ct

Q={H,T}

H T

A= {H}

Q = {H, THOIM A A = {H}= YBHO| LIR= H0ICt

Adapted from Zhang et al. (2023), A More Formal Treatment.
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sigEmo| 7|2 74

— =

|0I-

&2 X (probability distribution)= 753t A3t &HES STt

J

= 4 S

ool Pw) > 0 P(H), P(T) >0

A == ZweQ 'D(W) =1 P(H) + (T) =1

Atdel =& P(A) = > caPw)  P({H}) = P(H)
Jtse mE Abto| iES SEo| B2 10]ct

Source: Zhang et al. (2023), A More Formal Treatment.
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EHs= 22 E +2 Rt
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=
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Q={H T} {0,1}
Jtset 2t K|

Adapted from Zhang et al. (2023), Random Variables.
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HI250] 2HEH

| 20| (Bernoulli) &EH4E= F HubE 0t 12 7|S3ic}

21 X =3E OH7HH 2
H 1 p PX=1)=p
T 0 1—p PX=0)=1-p

HI250] 29| Oi7iHS p= X = 10| E =HE0|Ct

Source: Zhang et al. (2023), Random Variables.
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ORONORORORONONOROND),
i_ol:x, p=X=1 =00

HE2HT (sample mean)2 H| AT 6/10 = 0.62+ 2Tt

Adapted from Zhang et al. (2023), A Simple Example: Tossing Coins.
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Al 2 ol et 5

Adapted from Zhang et al. (2023), A Simple Example: Tossing Coins.
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OH7HEH 2~ p A 2pgol o, 2T HEEX| %S
2E Xi ot HOl AfHOllM 7|1E3H 0 EE= 1
£z Pn = Xn ol BEZIOR AlMSt 7Y

Source: Zhang et al. (2023), A Simple Example: Tossing Coins.
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Checkpoint

Uncertainty in Observations
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Section4 + Derivatives and Probability

Expectation and Variance
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A HA =
7|24k (expectation)2 Z} 33t O EHEC| S I F et 22| ZHO|Ct
E[X] =Y XP(X=X)
X

x sEE X071+ A Y

P(X = X) 2t Xt LIEHS 22

XP(X = X) 2t xot 7|cHzto] 7 oiste &
Source: Zhang et al. (2023), Probability and Statistics: Expectations.
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X P(X = x) XP(X = X)
—1 0.25 —0.25
0 0.50 0
3 0.25 0.75
2l 0.50
HIZ50| SEHSO| J|HY2 EX| =1-p+0- (1 — p) = pOICt

7|54z 0.5

rir
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e
Il
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3]
ial

Source: Zhang et al. (2023), Probability and Statistics: Expectations.
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24 (variance)2 2} 210 7|SiZiol| A Ho{Zl M= E HIZ et 2te| 7[siZto|ct
Var(X) = E [(X— E[X)’]
— E[X’] - EX?
mx} X - E[X|
NI FE=Rub ESE glojn 2 x}0|E o =H| gt
2 MNlZ ™KLl 7|cHgk

go| 20| E[X?] = 2.50|22 Var(X) = 2.5 — 0.52 = 2.25

Source: Zhang et al. (2023), Probability and Statistics: Expectations.
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7|54Z10] ZOIE EME CHE 4 ULk

T 2ol 7|HEt2 2 F 00]X|2F Zto| I Hr-i= Ct=Ct

-2 -1 0 1 2
A i ) i o i
0.5 0.5
-2 -1 0 1 2
B o % i % O
0.5 0.5
Jlsigtetoz Bxe| El HEE P2 4 et

Adapted from Zhang et al. (2023), Random Variables: Variances.

HA =
Var(A)

pug =10
Var(B)
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BEHAL

HZEMiH(standard deviation)= 24t2| HIZZ2C R Xtz e} THel7t ZLCt

22 A4 "ol chel

7|SHZ (" 1) p = E[X XetE€s
=4 0% = Var(X) X Chele Hl=
HEZMX} o = y/Var(X) XetES

Source: Zhang et al. (2023), Random Variables: Standard Deviations.
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Adapted from Zhang et al. (2023), Distributions: Gaussian.
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HWHS n¥stn M2 HpH Z40| HT YET} EaTIct

Xt
A

2

ro

g

£40] 248 HBUT M| S HX|D, ZM of2f HoI7} &4B0ID= & Jide| T &

o=

40|= 2% 10|t

Adapted from Zhang et al. (2023), Distributions: Gaussian
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Source: Zhang et al. (2023), Random Variables: Variances.
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Var(X) = = ar(ix,-) = %ZV&I‘(XI) = %

n2

1/n*2 Var(cX) = ¢ Var(X)0llA,
Z2t nle| EEHEAS| 2A2 Y

Source: Zhang et al. (2023), Random Variables: Variances.
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g0l 4 Hale} XtRo| HE

4 AEst= o 9%

La-iges o Of7HtH=0f A} epgfel Z4 Halg

2T AE OH7HH 2~ HE Q| tHS} I HE =4 HolE HH

7154k SEREO F E ItEYR

=4 Sl FHO S MlEHAe| 7|22t
Eai4ot JECIMES B4l BA WS, J[cigtn BAL BHe| SHI HYS Liekct
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Checkpoint

Expectation and Variance
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Why Does a Model Fit Training Data but

Fail on New Data?

Next Lecture: Learning and Generalization
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